Ben-Gurion University of the Negev
Fa ulty of Natural S ien es
Department of Physi s

Lo alized Spatial Stru tures in
Non-Equilibrium Systems

Master of S ien e
Thesis for the degree

Submitted by: Yair Mau
Advisor: Ehud Meron

January 11, 2009

ii

Lo alized Spatial Stru tures in Non-Equilibrium
Systems
Thesis for the degree Master of S ien e

By: Yair Mau
Under the supervision of: Prof. Ehud Meron
Department of Physi s
Fa ulty of Natural S ien es
Ben-Gurion University of the Negev

Signature of the student:

Date:

Signature of the advisor:

Date:

Signature of the hairperson of the
ommittee for graduate studies:

Date:

iii

Abstra t
Lo alized Spatial Stru tures in Non-Equilibrium Systems

By: Yair Mau

Thesis for the degree:

Master of S ien e

Ben-Gurion University of the Negev, 2009

Symmetry breaking instabilities are often the pro ess by whi h patterns in
nature form. These patterns an be spatially extended or lo alized. Lo alized
stru tures have mostly been studied in the ontext of systems that go through
a single pattern forming instability, e.g. dislo ation defe ts in periodi patterns
that appear in a Turing instability, or spiral-wave ores in os illating systems
that went through a Hopf bifur ation. A re ent study has shown, however,
that systems that go through both Hopf and Turing bifur ations an support
dual-mode lo alized stru tures, e.g. a line defe t in a stable Turing pattern
that hosts the Hopf mode and gives rise to a breathing defe t.
In this thesis we investigate the formation and dynami s of dual-mode loalized stru tures in systems whose equilibrium states go through both a Hopf
and a pit hfork bifur ation. We use the normal-form equations for the Hopfpit hfork bifur ation to study uniform solutions and their stability properties
and identify a parameter regime where the pure-Hopf state is the only uniform
stable state. In this regime, although the pit hfork mode tends to grow from
the unstable equilibrium state, it is nonlinearly damped by the Hopf mode.
However, at the ores of spiral-wave solutions, where the nonlinear damping is
less ee tive, the pit hfork mode an potentially grow.
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In reasing the distan e, ǫ, from the pit hfork bifur ation, we rst identify a
range where the pit hfork mode is everywhere damped in luding the spiral ore
region. Further in rease of ǫ, however, leads to an instability of a single-mode
spiral wave to a pair of dual-mode spiral waves, where the pit hfork mode is
either positive or negative at the spiral ore and vanishes away from it. Due
to nonlinear oupling between the pit hfork and the Hopf modes, the phase of
the Hopf mode is twisted in the ore region.
The phase twist indu es phase gradients in the radial dire tion whi h beome steeper as ǫ is in reased. Beyond a se ond threshold these phase gradients
indu e an os illatory instability of dual-mode spiral waves, and at yet larger

ǫ values spatiotemporal haos sets in. The latter state is hara terized by
repeated events of vortex-pair nu leation and annihilation. The general me hanism of these omplex dynami al behaviors is spontaneous hosting events of
the pit hfork mode in areas of steep gradients of the os illation phase where
the Hopf amplitude is redu ed and the nonlinear damping of the pit hfork
mode weakens. The spontaneous hosting events indu e new phase gradients
and the whole pro ess repeats itself a nite number of times in the os illatory
ase, and indenitely in the ase of spatiotemporal haos.
Sin e the analysis is based on normal form equations the results des ribed
above are expe ted to hold in any system that goes through a Hopf-pit hfork
bifur ation. Moreover, we believe that several aspe ts of our ndings, e.g.
spontaneous hosting events due to steep phase gradients, an be appli able to
other odimension-2 systems su h as Hopf-Turing systems.
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Chapter 1

Introdu tion

In nature many far-from-equilibrium systems exhibit instabilities that an indu e pattern formation. We loosely dene pattern formation as a dynami al
pro ess leading to the spontaneous emergen e of a nontrivial spatially nonuniform stru ture whi h is weakly dependent on initial and boundary onditions.
We an understand pattern formation as a pro ess that breaks the symmetry of
the system, either in spa e or in time [1℄. These dynami al pro esses are generally a result of an instability of a stationary homogeneous state, where dierent
kinds of instabilities an yield dierent kinds of patterns. Finite-wavenumber
instabilities produ e periodi patterns, either stationary (Turing-like) or traveling. Other instabilities generate either dis rete or ontinuous families of uniform states, whi h allow spatially stru tured states. An example of the latter
is a Hopf bifur ation to uniform os illations that allows traveling-wave phenomena when phase gradients are indu ed. In addition to spatially extended
patterns, lo alized stru tures often appear: line and point defe ts in spatially
periodi patterns, or vorti es in the ase of temporal os illations, form one
lass of su h stru tures.
Symmetry breaking instabilities leading to pattern formation phenomena
have been observed and studied in various systems in many elds of knowledge,
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in luding uid dynami s, nonlinear opti s, granular media, hemi al rea tions,
biology and e ology. These pre esses are universal be ause dierent systems
in nature behave alike when lose to the riti al point of a same instability.
The lo alized stru tures des ribed above involve a single mode, whi h appears when the equilibrium state loses its stability in a super- riti al or subriti al instability (hereafter the "primary mode"). Driving the system farther
away from equilibrium generally leads to a se ond instability of the equilibrium state, and to the potential growth of a se ondary mode. Examples of
su h situations in lude Hopf-Turing systems, where the Turing instability is
either followed or pre eded by a Hopf bifur ation of the same equilibrium state
[2℄, parametri ex itation of surfa e waves, where the growth of one mode is
followed by a se ond mode of dierent spatial symmetry [3, 4℄, and other
odimension-2 systems. Most studies of odimension-2 systems have fo used
on mixed-mode states, bistability of pure-mode states, ompetitive os illations and haoti dynami s [2, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18℄.
However, se ondary instabilities of already unstable equilibrium states have
re eived little attention be ause most often the se ondary modes are nonlinearly damped by the primary modes whose amplitudes are mu h larger. The
behavior of a multi-mode system in su h situations resembles, in many respe ts, that of the orresponding single-mode system. For example, a system
that goes through both Hopf and Turing bifur ations, but is tuned to the
mono-stability range of the Turing mode, shows stationary spatial patterns
(e.g. stripes and hexagons) indistinguishable from the patterns produ ed by
a single-mode system that merely goes through a Turing bifur ation. It has
re ently been demonstrated, however, that the se ondary mode an grow in
lo alized stru tures of the primary mode where its amplitude vanishes or is
very small [19℄, leading to instabilities of single-mode lo alized stru tures to
dual-mode stru tures. This phenomenon has been demonstrated in a Hopf-
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Turing system where defe ts in periodi patterns of a dominant Turing mode
were found unstable to the lo al growth of the Hopf mode. The Hopf mode
ould grow in the defe t ore be ause the amplitude of the dominant Turing mode vanishes in this region. The resulting lo alized stru tures are more
omplex as they involve lo al temporal os illations. The opposite ase of a
lo alized stru ture of a Hopf mode hosting a Turing mode has also been studied, but only in the ontext of one-dimensional front stru tures [19℄. In two
spa e dimensions the Hopf mode an form spiral waves. The ore of a spiral
wave is a two-dimensional lo alized stru ture where the Hopf amplitude vanishes. The stru ture and stability of spiral-wave ores have extensively been
studied in the ontext of single-mode stru tures [20, 21℄; however, multi-mode
spiral- ore stru tures have not been studied yet.
Sin e most studies of odimension-2 systems have fo used on dynamial regimes other than se ondary instabilities of already unstable equilibrium
states, this area still remains propitious for the dis overy of new phenomena.
The role of the se ondary mode in shaping lo alized stru tures of the primary
mode and in determining their dynami s requires further understanding. In
this thesis, we onsider the vi inities of a Hopf-pit hfork odimension-2 bifuration where a Hopf mode nonlinearly damps a pit hfork mode. In the ore
region of a spiral wave of the Hopf mode, the amplitude of the primary mode
goes to zero, and the se ondary pit hfork mode is weakly damped. Under these
ir umstan es we expe t to nd lo alized stru tures of the Hopf mode hosting
the pit hfork mode. We hose to study this system be ause it is mathemati ally
simpler than the Hopf-Turing system, and yet may show ri h spatio-temporal
dynami s.
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Chapter 2

Ba kground

2.1

Amplitude Equations

The study of a pattern forming system usually starts with its equations of
motion, whose general form (in two spa e dimensions) an be written as

∂U
= f (U; ∂x , ∂y ; R) ,
∂t

(2.1)

where U = (U1 , U2 , ...) is a set of physi al variables (temperature, uid-ow
velo ities, ele tri eld, hemi al on entrations, et ), and f is a nonlinear
fun tion of the physi al variables U and their spatial derivatives, and of a set
of ontrol parameters R = (R1 , R2 , ....). Without loss of generality we an
assume that Eq. (2.1) has an equilibrium solution U = 0. Quite often su h
solutions an lose stability to the growth of modes of the form eikx−iωt . Four
general ases an then be distinguished: (i) ω = k = 0 where the equilibrium
solution loses stability to another stationary uniform state(s), (ii) ω = 0, k 6= 0,
where the instability leads to stationary periodi patterns, (iii) ω 6= 0, k = 0,
where uniform os illations set in, and (iv) ω 6= 0, k 6= 0, where traveling waves
set in.
In general it is not possible to solve analyti ally the nonlinear equations, but
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near an instability point a weak nonlinear analysis an be done. This analysis
leads to normal-form or amplitude equations whi h des ribe slow modulations
in spa e and in time of a simple pattern solution whose form an be inferred
from a linear stability analysis of the equations of motion. The main stages
in the derivation of an amplitude equation are sket hed below, onsidering for
simpli ity a one-dimensional system.
We envisage a system whose equilibrium state U = 0 loses stability, as a
ontrol parameter R1 is in reased past a riti al value R1c , to the growth of a
mode of the form eikx−iωt . In the vi inity of this instability we an introdu e
a small parameter ǫ = (R1 − R1c )/R1c . A solution of Eq. (2.1) an then be
expressed as power series

U(x, t) = µ0 U (1) + µ20 U (2) + . . . ,

(2.2)

U (1) = A(X, T )eikx−iωt + C.C. ,

(2.3)

where

µ0 is a small parameter that s ales with ǫ, and A(X, T ) is a slowly varying
amplitude. The weak dependen e of the amplitude on the spa e and time
variables is aptured by the introdu tion of "slow" spa e X = µ1 x and time

T = µ2 t variables, where µ1 and µ2 are other small parameters that s ale with
ǫ. The manners by whi h µ0 , µ1 and µ2 s ale with ǫ depend on the parti ular
equations of motion as dis ussed below. Note that the derivatives of A with
respe t to the slow spa e and time variables are assumed to be of order unity.
The s aling of µ0 with the distan e ǫ to the instability point an often
be determined by equating the orders of magnitudes of linear and nonlinear
√
terms. For example, balan ing a term ǫU1 with U13 gives µ0 = ǫ. The s aling
of µ1 with ǫ an be determined by the band width of modes that grow from
the equilibrium state when ǫ > 0. For example, a se ond spatial derivative
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(Lapla ian) term in a rea tion-diusion system gives a band width that s ales
√
√
like ǫ implying µ1 = ǫ. Finally, the s aling of µ2 with ǫ an be determined
from the dependen e of the growth rate on ǫ whi h often leads to µ2 = ǫ.
Using the expansion (2.2) in Eq. (2.1) and the following substitutions for
the time and spa e derivatives (using the hain rule),

∂
∂
∂
→ +ǫ
∂t ∂t
∂T
√ ∂
∂
∂
→
+ ǫ
,
∂x ∂x
∂X

(2.4a)
(2.4b)

we obtain at any order ǫi/2 a linear equation for U (i) of the form

LU (i) = R(i) ,

i = 1, 2, ... ,

(2.5)

where L is an operator matrix representing all terms that dire tly ontribute
to the ith order, and R(i) represents ontributions from lower order terms that
are already known at any given order and an be expressed in terms of the
amplitude A and its time and spatial derivatives. Equations (2.5) are not
always solvable - the right hand side R(i) may ontain resonant terms that
must be proje ted out by requiring the right hand side to be orthogonal to
the null spa e of the adjoint of L with appropriate hoi e of an inner produ t
(the Fredholm Alternative theorem). These solvability onditions impose onstraints on the amplitude A. On e a solvability ondition has been imposed at
a given order i, the linear equation for U (i) an be solved and used for obtaining
the equation for the next order ontribution U (i+1) . The onstraints imposed
by the solvability onditions translate into an equation for the amplitude A the so alled "amplitude equation", whereas the al ulated ontributions U (i)
provide an approximate solution to the equations of motion.
The general form of an amplitude equation is determined by the instability
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type of the equilibrium state, and is independent of the parti ular physi al
system under onsideration. This is the reason for the universal nature of
pattern formation phenomena - two dierent physi al systems (e.g. a uid
system and a hemi al system) that go through the same type of instability
will be des ribed lose to the instability point by the same amplitude equation
and therefore will show similar patterns. The parti ularity of a system is
expressed by the spe i forms of the oe ients that appear in the various
terms of the amplitude equation.

2.2

Amplitude Equations for Os illatory Systems

Temporal os illations in non-equilibrium systems often appear through a Hopf
bifur ation to uniform os illations. This is an instability of an equilibrium state
of the 3rd type onsidered above (ω 6= 0, k = 0). The amplitude equation
for the Hopf bifur ation (after res aling the amplitude and time and spa e
oordinates) reads

∂A
= A − (1 + ic) |A|2 A + (1 + ib)∇2A ,
∂t

(2.6)

where the amplitude A is omplex-valued. Equation (2.6) is ommonly referred
to as the Complex Ginzburg-Landau equation (CGL). The CGL equation is
one of the most studied and well understood nonlinear equations in physi s
[1, 22℄. It des ribes a wide variety of physi al phenomena, in luding nonlinear
waves, super ondu tivity, superuidity, se ond-order phase transition, liquid
rystals, et .
The CGL equation has several known solutions in one spa e dimension (1D)
in luding fronts, pulses, sour es and sinks. The latter are spatially lo alized
and represent defe ts or interfa es that onne t domains of regular patterns
[23, 24℄ . In 2D spiral-wave solutions appear. At the enter of a spiral wave
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the os illation phase be omes singular. Writing the omplex-valued amplitude
as A = ρeiφ , where ρ is the magnitude and φ is the phase of os illations, the
following ondition holds:

1
2π

I

C

~ = 1,
~ · dl
∇φ

(2.7)

where C is any losed ontour ontaining the spiral enter. This ondition
implies a phase singularity be ause it holds also for arbitrarily small ontours.
The amplitude A an remain non-singular only if ρ vanishes at the spiral ore
as gure 2.1 shows.

x

y

Figure 2.1: The ore of a spiral wave as a lo alized stru ture. The height of
the surfa e indi ates the magnitude ρ, and the spiraling urves are isophase
lines (the phase hange between two thin lines is π/2). Figure reprinted with
permission of [25℄, opyright 1997 by the Ameri an Physi al So iety.
As will be shown in Chapter 4, the ore of the spiral, whi h is the region
where the magnitude ρ deviates signi antly from its asymptoti value, provides a suitable example for studying hosting phenomena of se ondary modes.
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Chapter 3

The Model Equations

In this thesis we will study systems that undergo both Hopf and pit hfork
bifur ations. We on eive a physi al system that has a ontrol parameter

R1 , and as it is in reased the system is driven away from equilibrium. The
equilibrium state loses stability at R1a to the growth of a Hopf mode, and at

R1b > R1a to the growth of a pit hfork mode. We assume that the system
has another ontrol parameter R2 , and when it rea hes a riti al value R2c
the two instabilities merge in a odimension-2 point. That is, at R2 = R2c ,

R1a (R2c ) = R1b (R2c ) holds, and both the Hopf and pit hfork modes grow
simultaneously. In the vi inity of the odimension-2 point we an approximate
a typi al dynami al variable of the system as

u = c1 AeiωH t + c2 v + C.C. + . . . ,

(3.1)

where c1 and c2 are onstants, ωH is the Hopf frequen y, and C.C. stands for
omplex onjugate. Substituting this ansatz in the equations that des ribe the
system and using multiple time s ales analysis will give us amplitude equations
for A and v of the form
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At = (µ + iν)A − (β1 + iβ2 )|A|2A + (α1 + iα2 )∇2A
(3.2a)

− (Γ1 + iΓ2 )Av − (∆1 + i∆2 )Av 2
vt = Λ + Ev − κv 3 + D∇2v

(3.2b)

+ Σ|A|2 − H|A|2 v ,

where we have assumed that the oe ients βi , αi , κ and D are all positive.
The rst line of equation (3.2a) onstitutes the well know omplex GinzburgLandau equation [22℄, where µ is the distan e from the Hopf bifur ation and

ν is the deviation from the Hopf frequen y ωH . The rst line of equation
(3.2b) onstitutes the usp bifur ation equation with a diusion term, where

Λ is responsible for the imperfe tion of the pit hfork bifur ation and E is the
usp bifur ation parameter. The terms in the se ond line of ea h equation are
resonant terms that ouple these two equations. These equations represent the
normal-form equations of a Hopf- usp bifur ation [26℄.
We an res ale equations (3.2) by making the following substitutions, assuming µ > 0:

A=

r

µ ′ i νtµ
Ae ; v =
β1

r

µ ′
1
v ; t = t′ ; x =
κ
µ

r

α1 ′
x
µ

(3.3)

Equations (3.2) then be ome, after dropping the primes for simpli ity,

At = A − (1 + iβ)|A|2A + (1 + iα)∇2A

where

− (γ1 + iγ2 )Av − (δ1 + iδ2 )Av 2

(3.4a)

vt = λ + ǫv − v 3 + d∇2v + σ|A|2 − η|A|2v ,

(3.4b)
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β=

α2
Γ1
∆2
β2
Γ2
∆1
; α=
; γ1 = √
; δ2 =
;
; γ2 = √
; δ1 =
β1
α1
µκ
µκ
κ
κ
r
r
E
D
Σ κ
H
κ
; ǫ=
; d= ; σ=
; η=
.
λ=Λ
(3.5)
3
µ
µ
α1
β1 µ
β1

By res aling the amplitude of A we were able to eliminate β1 , and by
res aling the phase of A we were able to go to the rotating frame of the system,
and thus eliminating ν . The res aling of v , t and x enabled us to get rid of κ,

µ and α1 , respe tively.
In this thesis we will work with a simplied version of these equations,
obtained by setting λ = σ = 0. The equations then represent a Hopf-pit hfork
bifur ation. To better understand the role of ea h parameter, we an substitute

A = ρeiφ into equation (3.4), and get (with λ = σ = 0):


ρt = ρ 1 − ρ2 − γ1 v − δ1 v 2 + ∇2ρ − ρ(∇φ)2 − 2α∇ρ∇φ − αρ∇2φ

φt = − βρ2 − γ2 v − δ2 v 2 + ∇2φ + 2ρ ∇ρ∇φ + αρ ∇2ρ − α(∇φ)2

vt = v ǫ − v 2 − ηρ2 + d∇2v .

(3.6a)
(3.6b)
(3.6 )

Note that equations (3.6) are invariant under the phase shift transformation

A → Aeiφ0 ; v → v , where φ0 is an arbitrary onstant.
In the next hapter we will study uniform stationary solutions of (3.6) and
their stability to homogeneous and non-homogeneous perturbations.
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Chapter 4

Uniform Solutions and their
Stability Properties

4.1

Spatially Homogeneous Perturbations

We rst study the stability of uniform solutions of equations (3.6) to homogeneous perturbations. Taking the spatial derivatives equal to zero, we get the
following ODEs:

ρt = ρ 1 − ρ2 − γ1 v − δ1 v 2
φt = − βρ2 − γ2 v − δ2 v 2

vt = v ǫ − v 2 − ηρ2 .



(4.1a)
(4.1b)
(4.1 )

Note that the equation for the phase φ is de oupled from the equation for

ρ and v . We an therefore study equations (4.1a) and (4.1 ) independently
of (4.1b), nd their stationary solutions (ρ⋆ , v⋆ ), and analyse their stability
properties. The phase equation an then be integrated to give φ(t) = ωt + φ0 ,
where ω = −βρ2⋆ − γ2 v⋆ + δ2 v⋆2 , and φ0 is an arbitrary onstant. There are
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four types of stationary solutions (ρ⋆ , v⋆ ): (0, 0) is alled the zero-state; (0, v0 )
represents a pure pit hfork state; (ρ0 , 0) represents a pure Hopf state; and

(ρm , vm ) represents a mixed state involving both the Hopf and the pit hfork
modes.
We study the linear stability of a solution (ρ⋆ , v⋆ ) inserting the form

     
ρ ρ⋆  δρ ξt
  =  +  e
δv
v⋆
v

(4.2)

into equations (4.1), assuming δρ and δv to be innesimally small. This leads
to



 1−
det 

3ρ2⋆

− γ1 v⋆ −

δ1 v⋆2

−2ηρ⋆ v⋆

−ξ



−γ1 ρ⋆ − 2δ1 ρ⋆ v⋆ 
 = 0,
ǫ − 3v⋆2 − ηρ2⋆ − ξ

(4.3)

and solving the determinant above will give the hara teristi equation for the
eigenvalues. The stati solution will be stable only if both eigenvalues are
negative, otherwise the solution is unstable to homogeneous perturbations.
We will now study the stability of ea h of the four solutions separately,
onsidering two interesting simpli ations of the system.

4.1.1 Parameters γ1 6= 0, δ1 = 0
In this ase the hara teristi equation for the eigenvalues ξi reads

1 − 3ρ2⋆ − γ1 v⋆ − ξ




ǫ − 3v⋆2 − ηρ2⋆ − ξ − 2ηγ1 ρ2⋆ v⋆ = 0

(4.4)

and the stability properties of the four types of solution are as des ribed bellow:
(a1) (ρ⋆ = 0, v⋆ = 0)

Solving (4.4) for (ρ⋆ = 0, v⋆ = 0) we nd ξ1 = 1 and ξ2 = ǫ; therefore,
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this solution is always unstable.
(b1) (ρ⋆ = 0, v⋆ = v0 )

To nd the value of v0 we take equations (4.1) with ρ = 0. The result is
√
√
√
v0 = ± ǫ. Solving (4.4) for (ρ⋆ = 0, v⋆ = ± ǫ), we nd ξ1 = 1 ∓ γ1 ǫ
and ξ2 = −2ǫ. For ǫ > 0, ξ2 is always negative. The solution (ρ⋆ =
√
√
0, v⋆ = ± ǫ) will be stable for ξ1 < 0, i.e., when 1 < ±γ1 ǫ. For positive
values of γ1 , the upper bran h of the pit hfork will be stable for ǫ >

1
,
γ12

and the lower bran h of the pit hfork will always be unstable.
( 1) (ρ⋆ = ρ0 , v⋆ = 0)

To nd the value of ρ0 we take equations (4.1) with v = 0. The result is

ρ = 1. Solving (4.4) for (ρ⋆ = 1, v⋆ = 0) we nd ξ1 = −2 and ξ2 = ǫ − η .
The eigenvalue ξ1 is always negative, and the solution (ρ⋆ = 1, v⋆ = 0)
will be stable for ǫ < η .
(d1) (ρ⋆ = ρm, v⋆ = vm)

To nd the values of ρm and vm we solve the system of equations (4.1),
and the solution is:

r

p
γ1 
= 1−
ηγ1 ± η 2 γ1 − 4(η − ǫ)
2


q
1
±
2
2
vm =
ηγ1 ± η γ1 − 4(η − ǫ)
2

ρ±
m

(4.5a)
(4.5b)

The +(−) sign denotes that the pit hfork mode is in its upper (lower)
bran h. These solutions are limited to a region of the parameter spa e
where η 2 γ12 − 4(η − ǫ) > 0, i.e., to ǫ > η − 14 η 2 γ12 . The stability analysis
of this state is straightforward but tedious, and the stability riteria are
too long to display.
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4.1.2 Parameters γ1 = 0, δ1 6= 0
In this ase the hara teristi equation is

1 − 3ρ2⋆ − δ1 v⋆2 − ξ




ǫ − 3v⋆2 − ηρ2⋆ − ξ − 4δ1 ηρ2⋆ v⋆2 = 0

(4.6)

and the stability properties are as follows:
(a2) (ρ⋆ = 0, v⋆ = 0)

Solving (4.6) for (ρ⋆ = 0, v⋆ = 0) we nd ξ1 = 1 and ξ2 = ǫ, therefore
this solution is always unstable.
(b2) (ρ⋆ = 0, v⋆ = v0 )

To nd the value of v0 we take equations (4.1) with ρ = 0. The result is
√
√
v0 = ± ǫ. Solving (4.6) for (ρ⋆ = 0, v⋆ = ± ǫ) we nd ξ1 = 1 − δ1 ǫ and

ξ2 = −2ǫ. For ǫ > 0, ξ2 is always negative. The solution (ρ⋆ = 0, v⋆ =
√
± ǫ) will be stable for ξ1 < 0, i.e., when ǫ > δ11 .
( 2) (ρ⋆ = ρ0 , v⋆ = 0)

To nd the value of ρ0 we take equations (4.1) with v = 0. The result is

ρ = 1. Solving (4.6) for (ρ⋆ = 1, v⋆ = 0) we nd ξ1 = −2 and ξ2 = ǫ − η .
The eigenvalue ξ1 is always negative, and the solution (ρ⋆ = 1, v⋆ = 0)
will be stable for ǫ < η .
(d2) (ρ⋆ = ρm, v⋆ = vm)

To nd the values of ρm and vm we solve the system of equations (4.1),
and solution is:

s

δ1 ǫ − 1
ηδ1 − 1
r
η−ǫ
±
vm
= ±
ηδ1 − 1

ρm =

(4.7a)
(4.7b)
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The +(−) sign denotes that the pit hfork mode is in its upper (lower)
bran h. These solutions are limited to

η < ǫ <

1
δ1

1
δ1

< ǫ < η for ηδ1 > 1 and

±
for ηδ1 < 1. Solving (4.6) for (ρ⋆ = ρm , v⋆ = vm
) we nd

that the mixed mode is stable for ηδ1 < 1 and unstable for ηδ1 > 1. In
the latter ase there is a bistability range of the two pure-mode states.
Figure 4.1 shows bifur ation diagrams for both ases.

4.2

Spatially Periodi

Perturbations

In se tion 4.1 have analysed the stability of four uniform solutions of (3.6) to
homogeneous perturbations. Sin e in this thesis we are interested in situations
where the Hopf mode dominates the pit hfork mode, we on entrate on parameter ranges where the pure-Hopf state is stable. Below we show that whenever
this state is stable to uniform perturbations, it is also stable to non-uniform
perturbations. We onsider the Hopf-pit hfork amplitude equations

At = A − (1 + iβ)|A|2A + (1 + iα)∇2A
− (γ1 + iγ2 )Av − (δ1 + iδ2 )Av 2
vt = ǫv − v 3 + d∇2v − η|A|2v ,

(4.8a)
(4.8b)

and pure-Hopf uniform solutions A0 = ρ0 eiωt+φ0 , v0 = 0, where ρ0 and φ0 are
onstants. Substituting A0 and v0 into (4.8) we get ρ0 = 1 and ω = −β . The
onstant φ0 is an arbitrary phase whi h we set to zero. We study the stability
of this solution using the following form of non-uniform perturbations:
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A = e−iβt (1 + a+ ei~q·~x + a⋆− e−i~q·~x )

(4.9a)

v = V (ei~q·~x + e−i~q·~x ) .

(4.9b)

Inserting this form into equations (4.8) we nd after proje ting onto e±i~q·~x :



ȧ+ = −1 − iβ − q 2 (1 + iα) a+ − (1 + iβ)a− − (γ1 + iγ2 )V


ȧ− = −(1 + iβ)a+ + −1 − iβ − q 2 (1 + iα) a− − (γ1 + iγ2 )V
V̇ = (ǫ − η − dq 2 )V .

(4.10a)
(4.10b)
(4.10 )

Inserting now

   
0
a+   a+ 
    ξt
a  =  a0  e
 −  − 
   
V0
V

(4.11)

in equations (4.10) we nd the following hara teristi equation for the eigenvalues ξ :

(ǫ − η − dq 2 − ξ)

h

−1 − iβ − q 2 (1 + iα) − ξ

2

i
− (1 + iβ)2 = 0 .

(4.12)
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The solutions are

ξ1 = ǫ − η − dq 2
ξ2 = −2 − q 2 − i(2β + q 2 α)
ξ3 = −q 2 − iq 2 α .
These results are onsistent with the results we have found in se tion 4.1,
meaning that spatial periodi perturbations do not hange the stability onditions of the pure-Hopf state when omparing to homogeneous perturbations.
Had we onsidered traveling-wave solutions of equations (4.8), A0 = ρ0 eikx±iωt ,
we would have found the usual E khaus and zigzag instabilities to longitudinal
and transverse perturbations, respe tively.
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Figure 4.1: Bifur ation diagrams showing stationary uniform solutions of equations (4.1) and their stability properties. Solid (dashed) lines represent stable (unstable) solutions. Blue, green and bla k lines denote pure-Hopf, purepit hfork and mixed-mode states, respe tively. In (a) ηδ1 < 1 and the mixedmode is stable. In (b) ηδ1 > 1 and the mixed mode is unstable. In this ase
there is a bistability range of the two pure-mode states.
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Chapter 5

Dual-mode Lo alized Stru tures

A well studied nonuniform solution of the CGL equation is the spiral wave [22,
27℄. The ore of a spiral wave is a lo alized stru ture where the os illations
amplitude goes to zero [25℄. As we have seen in subse tion 4.1.2 the pure
pit hfork state is unstable for ǫ < η , i.e., in the region of stable pure Hopf state.
This happens be ause of the term −ηρ2 in equation (3.6 ), whi h nonlinearly
damps the pit hfork mode by ee tively hanging the pit hfork bifur ation
point from zero to ǫbp = ηρ2 . This displa ement of the bifur ation point
depends on the magnitude ρ, so we expe t to see that ee t to be weaker in
the enter of a spiral wave, where ρ → 0. We may therefore expe t to nd
an instability of a single-mode spiral wave, involving the Hopf mode only, to a
dual-mode spiral wave involving both the hosting Hopf mode and the hosted
pit hfork mode at the spiral ore.
The appearan e of the pit hfork mode v at the spiral ore will a elerate
or de elerate the os illation phase there. This be omes evident by looking at
the term −γ2 v in equation (3.6b); for γ2 > 0, when v is in the upper (lower)
bran h of the pit hfork it will de elerate (a elerate) the phase. The lo al
phase hange at the ore region reates phase gradients in the radial dire tion
sin e the phase remains unae ted away from the ore region. These gradients
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redu e the os illations magnitude ρ and may lead to additional hosting events
and ri h spatio-temporal dynami s as dis ussed in the following se tions.
We will onsider a system in a stable pure Hopf state and study rst the
destabilization of single-mode spiral wave to a dual-mode spiral wave. We
will then study se ondary instabilities of dual-mode spiral waves as we keep
in reasing the distan e from the pit hfork bifur ation.

5.1

An instability of a Single-Mode Spiral Wave

Integrating numeri ally Eqs. (4.8) above the pit hfork bifur ation point, ǫ > 0,
we rst nd an ǫ range where single-mode spiral waves are still stable, despite
the fa t that the hopf-mode amplitude vanishes at the spiral ore and is less
ee tive in damping the pit hfork mode v . However, as ǫ ex eeds a riti al
value, ǫc , the single-mode spiral-wave solution loses stability to a pair of dualmode spiral wave solutions, where v is no longer zero at the spiral ore and
assumes either positive or negative values as the bifur ation diagram in Fig.
5.1 shows.
Figure 5.2 shows the two-dimensional distributions of the v eld and of the
Hopf phase, φ = arg A below (a,b) and above ( ,d) the spiral-wave instability.
The v eld a ts to twist the Hopf phase in the spiral- ore region, lo kwise
or ounter- lo kwise, leaving it un hanged away from the ore. This ee t
(indu ed by the term −γ2 v in equation (3.6)) reates a phase gradient in the
radial dire tion.
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Figure 5.1: Bifur ation diagram showing the instability of a single-mode spiral
wave to a pair of dual mode spiral waves. The diagram depi ts the value of v at
the spiral enter as a fun tion of the distan e from the pit hfork bifur ation ǫ.
The insets show the magnitude ρ of the Hopf amplitude and the v eld along
a ut through the spiral enters: below the instability (ǫ = 0.62) the v eld is
zero everywhere (a), while above the instability (ǫ = 0.635) the v eld is either
negative (b) or positive ( ) at the spiral ore. The green line represents ρ and
the blue line v . Parameters: γ2 = 1, δ1 = 0.8, d = 1, η = 0.8, and all the other
parameters are zero. For these parameter values ǫc = 0.6324.
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Figure 5.2: The phase-twist ee t of the v eld beyond the instability to
dual-mode spiral waves. Below the instability, where v = 0 everywhere (a),
equal-phase lines are radial, ree ting no dependen e of the phase φ = arg A
on the distan e from the spiral ore (b). Beyond the instability equal-phase
lines are twisted by the v eld at the spiral ore, giving rise to phase gradients
in the radial dire tion. Parameters: ǫ = 0.62 (a,b) ǫ = 0.635 ( ,d), γ2 = 1,

δ1 = 0.8, d = 1, η = 0.8, and all the other parameters are zero.
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5.2

Os illatory Instability of a Dual-Mode Spiral Wave

As ǫ is in reased beyond the instability threshold, ǫc , to dual-mode spiral
waves, a se ond threshold is found where the stati dual-mode spiral ore loses
stability to a pulsating spiral ore as Fig. 5.3 shows. For the parameters used
the instability is sub riti al.
0

-0.2

v

-0.4

-0.6

0

2000

4000

time

6000

8000

Figure 5.3: Periodi os illations of a dual-mode spiral ore. Shown is the value
of v at the spiral enter as a fun tion of time. Parameters: γ2 = 1, δ1 = 0.8,

ǫ = 0.638, d = 1, η = 0.8, and all the other parameters are zero.
Figure 5.4 shows the three elds v ρ and φ along a y le of the periodi
dynami s. Also shown are uts of v , ρ and |∇φ|2 a ross the spiral enter.
The snapshots show three hosting events of the v eld at in reasing distan es
from the spiral enter. To understand these pro esses we rewrite the model
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equations in terms of the phase gradient K = ∇φ. The equations now read


ρt = ρ 1 − ρ2 − δ1 v 2 − (K)2 + ∇2ρ


2 1
2
2
2
Kt = − γ2 ∇v −
(∇ρ) − ∇ ρ K + ∇ρ∇K + ∇2K
ρ ρ
ρ

vt = v ǫ − v 2 − ηρ2 + d∇2v

(5.1a)
(5.1b)
(5.1 )

The equations do not ontain terms whose oe ients have been set to zero in
the numeri al investigations. The lo al build up of the v eld at the spiral ore
(for ǫ > ǫc ), where the Hopf amplitude vanishes, reates a negative gradient
of v in the radial dire tion. A ording to Eq. (5.1b) this gradient reates a
phase gradient K . This gradient, in turn, de reases the Hopf amplitude (see
Eq. (5.1a)). If the buildup of v at the spiral ore is strong enough, this pro ess
an indu e a se ond hosting event in whi h the v eld builds up in a ir le
around the spiral enter where the Hopf amplitude is small (se ond snapshot
from top in Fig. 5.4. The se ond hosting event moves the region of highest
gradient of v further away from the spiral enter and a similar pro ess an take
pla e again leading to another hosting event at a yet larger ir le around the
spiral enter (third snapshot from top in Fig. 5.4). When the gradient of v
(away from the spiral enter) be omes too weak no further hosting events take
pla e and a new y le begins.
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Figure 5.4: Spiral- ore os illations as a result of su essive hosting events.
Shown are the v , ρ and φ elds along one period of os illations. Also shown
are uts of v , ρ and |∇φ|2 a ross the spiral enter. For more details see the
text. Parameter values are the same as in Fig. 5.3.

27

5.3

Transition to Spatio-Temporal Chaos

For su iently higher values of ǫ the series of hosting events at larger and
larger distan es from the spiral enter do not stop and an irregular state eventually develops as Fig. 5.5 shows. The irregular dynami s at the spiral enter
is demonstrated by the time signal shown in Fig. 5.6. The irregular asymptoti
state is hara terized by repeated events of vortex-pair nu leation and annihilation, typi al of other realizations of spatio-temporal haos [28, 29, 30, 31℄.
The number of vorti es u tuates as Fig. 5.7 shows but the mean number
does not de ay, ree ting a statisti al steady state in whi h the rate of vortexpair nu leation equals the rate of annihilation. Vortex-pair nu leation results
from spontaneous hosting events o urring along line segments where steep
gradients of the os illation phase develop, as the right olumn in Fig. 5.8
shows. Along these segments the magnitude ρ of the Hopf amplitude redu es
to small values that allow hosting of the pit hfork mode v . To the best of
our knowledge, this is a new me hanism of spatio-temporal haos in extended
dissipative systems. We note that sin e α = β = 0 in our simulations, the
ondition 1 + αβ < 0 for Benjamin-Feir turbulen e is not satised.
An interesting aspe t of this state of spatio-temporal haos is that it oexists with stable pure-Hopf os illations in whi h the Hopf amplitude is bounded
away from zero. Chaoti os illations set in only when the Hopf amplitude
be omes small enough to allow for hosting of the pit hfork mode, as is the
ase with a spiral vortex as an initial ondition. The bistability of haoti and
regular states is demonstrated in Fig. 5.9. Shown is a haoti state invading
the regular state. Regular-state regions far from the interfa e remain stable
to vortex nu leation, but when the interfa e rea hes the boundaries the whole
system os illates haoti ally. The oexisten e of a stable regular state suggests
however that the haoti state is not truly asymptoti as there might be a

28
rare event where all vorti es annihilate one another (or their images in the
boundaries). On e su h an event o urs there is no driving for e for hosting
events and the system is expe ted to settle at the stable pure-Hopf state from
whi h it annot es ape anymore. The pure-Hopf state in this ontext plays a
role similar to an "absorbing state" in nonequilibrium phase-transitions [32℄.
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Figure 5.5: Spatio-temporal haos indu ed by spiral- ore instability. Shown
are the elds v , ρ and φ along a series of hosting events that eventually rea h
the system boundaries (dark ir les of the v eld), and in the asymptoti
haoti state. Also shown are the orresponding uts of v , ρ and |∇φ|2 a ross
the spiral enter. Parameters are as in Fig. 5.6.
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Figure 5.6: Irregular dynami s of a dual-mode spiral ore. Shown is the value
of v at the spiral enter as a fun tion of time. Parameters: γ2 = 1, δ1 = 0.8,

ǫ = 0.8, d = 1, η = 0.8, and all the other parameters are zero.

Figure 5.7: Flu tuations of the number of vorti es in time. The dashed line
indi ates the mean vortex number. The methods used to identify and ount
the vorti es are explained in subse tions 5.4.3 and 5.4.4. Parameters are as in
Fig. 5.6.
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Figure 5.8: The nu leation of a vortex pair from a hosting event o urring
along a line segment where the phase gradient be omes steep and the Hopf
amplitude redu es signi antly. Parameters are as in Fig. 5.6, ex ept for

ǫ = 0.7.
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Figure 5.9: A state of spatio-temporal haos invading a pure-Hopf state. The
initial onditions for this simulation onsist of a domain of spatio-temporal
haos (left half) and a domain of pure Hopf os illations (right half). As time
pro eeds a front stru ture develops at the interfa e between the two domains.
The front propagates to the right until the haoti state o upies the whole
system. Parameters are as in Fig. 5.6, ex ept for ǫ = 0.78.
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5.4

Numeri al Methods

5.4.1 Initial and Boundary Conditions
In order to get single or dual-mode spiral wave solutions whose ores lie at
the system enter, we used the following initial onditions: ρ = 1 everywhere,

φ = θ, where θ is the angle of polar oordinates, and a Gaussian form for v
whose extremum point lies at the system's enter. In all simulations we used
Neumann boundary onditions, i.e., ∇A = 0 and ∇v = 0 at the borders.

5.4.2 Finite Dieren es
The simulations in this work were arried out using odes written in C and
Python. We used the method of nite dieren es ombined with Euler method
for the time integration. The Lapla ian operator was al ulated using a 5-point
sten il method [33℄ in the following way:

∇2u −→ ∇2ui,j =

ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4ui,j
h2

(5.2)

where i, j is the position of the point on the grid and h is the grid spa ing.

5.4.3 Identifying a Vortex
We identify a vortex within a losed ontour line C using the ondition

I

C

~ = 2π .
~ · dl
∇φ

(5.3)

We al ulate this ondition using the following four-point sum:

I

C

~ −→
~ · dl
∇φ

4
X
φi+1 − φi
i=1

h

(dl)i,i+1

(5.4)
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where φi denotes the value of φ at the ith grid point, and the index i runs
in a y li manner along points that form the smallest square on the grid as
illustrated in Fig. 5.10. The value of (dl)i,i−1 an be either h or −h.
A ording to Fig. 5.10 the sum an be expli itly written as

φ2 − φ1
φ3 − φ2
φ4 − φ3
φ1 − φ4
(h) +
(h) +
(−h) +
(−h) = 2(φ3 − φ1 ) . (5.5)
h
h
h
h
Equation (5.5) means that in order to al ulate the losed integral, we just
have to evaluate the phase dieren e between any two diagonal points in the
smallest square we an draw on the grid. If we are to nd a vortex inside this
square the dieren e should be 2|φ3 − φ1 | ≃ 2π . Thus, the test we employ in
order to identify vorti es is to he k whether |φc − φa | ≃ π .

5.4.4 Cal ulating the Number of Vorti es
We al ulate the number of vorti es in a haoti state using the phase singularity test |φ1 − φ3 | ≃ π . Any pair of grid points (e.g. 1 and 3) whose
phases dier by approximately π should ne essarily belong to non-adja ent
quadrants of the omplex A plane as illustrated in Fig. 5.11. Su h pairs of
grid points satisfy Re(Ai,j ) · Re(Ai+1,j+1 ) < 0 and Im(Ai,j ) · Im(Ai+1,j+1 ) < 0.
To al ulate the number of vorti es on a L × L grid, we reate a (L − 1)2
matrix with all its entries zero, representing a plane with no vorti es. Then
we assign the value 1 to every matrix element (i, j) where both onditions

Re(Ai,j ) · Re(Ai+1,j+1 ) < 0 and Im(Ai,j ) · Im(Ai+1,j+1 ) < 0 are satised.
Summing over all matrix elements we obtain the total number of vorti es.
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Figure 5.10: The y li sequen e of grid points along whi h the phase singularity ondition (5.3) or the sum (5.5) is al ulated.

Figure 5.11: Lo ations of grid points 1 and 3 in non-adja ent quadrants of the
omplex A plane as a riterion for the existen e of a vortex. The labels Qi
denotes the ith quadrant.
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Chapter 6

Con lusion

We have studied here the formation and destabilization of dual-mode spiral
waves in os illatory Hopf systems whose ore regions host a pit hfork mode.
The ee t of the hosted pit hfork mode v is to twist the os illation phase and
indu e phase gradients in the radial dire tion (Fig. 5.2). These phase gradients
have the potential of destabilizing the dual-mode spiral waves, be ause su h
gradients redu e the os illation amplitude |A| and form onditions that favor
further hosting events of the pit hfork mode.
Indeed, in reasing the distan e ǫ from the pit hfork bifur ation, whi h results in steeper phase gradients, leads to the destabilization of a stati dualmode spiral wave to an os illatory dual-mode spiral wave. Ea h os illation
y le onsists of a series of hosting events at in reasing radii (Fig. 5.4). At
yet higher ǫ values, when the ir les rea h the system's boundaries a state of
spatiotemporal haos develops (Fig. 5.5). This state is hara terized by the
spontaneous nu leation of spiral vortex pairs along line segments where the
Hopf amplitude is su iently redu ed to allow for hosting of the pit hfork
mode (Fig. 5.8). After a transient period a statisti al steady state seems to
appear in whi h vortex pairs repeatedly nu leate and annihilate, but keep the
total vortex number u tuating about a onstant mean value (Fig. 5.7). Sin e
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this haoti state oexists with a linearly stable Pure-hopf state (with v = 0
everywhere), rare events leading to the ollapse of the haoti state to the
absorbing pure-Hopf state, annot be ex luded.
To the best of our knowledge, this is a new me hanism of spatio-temporal
haos that may possibly appear in odimension-2 systems other than Hopfpit hfork, e.g. in Hopf-Turing systems. We have demonstrated it numeri ally
but detailed mathemati al analysis is needed in order to further larify the
spontaneous hosting events that destabilize dual-mode spiral waves, as well as
vortex-pair nu leation pro esses.
Hosting phenomena at the ores of spiral waves and the possible destabilization of the resulting dual-mode spirals to a state of spatio-temporal haos,
an possibly be tested in experiments on hemi al rea tions. One andidate
for su h rea tions is the hlorine dioxide-iodine maloni a id (CDIMA) rea tion [34℄ whi h exhibits Hopf and Turing bifur ations along with a wide
range of pattern formation phenomena. Another andidate rea tion is the
Belousov-Zhabotinsky (BZ) rea tion dispersed in a water-in-oil aerosol OT
(AOT) mi roemulsion (BZ-AOT) [35, 36℄. This system, too, exhibits a ri h
spatio-temporal dynami s, in luding Turing stru tures and os illatory patterns
[37℄.
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